Understanding non-equilibrium heat transport is crucial for controling heat flow in nano-scale systems. We study thermal energy transfer in a generalized non-equilibrium spin-boson model (NESB) with non-commutative system-bath coupling operators and discover unusual transport properties. Compared to the conventional NESB, the heat current is greatly enhanced by rotating the coupling operators. Constructive contribution to thermal rectification can be optimized when two sources of asymmetry, system-bath coupling strength and coupling operators, coexist. At the weak coupling and the adiabatic limit, the scaling dependence of heat current on the coupling strength and the system energy gap changes drastically when the coupling operators become non-commutative. These scaling relations can further be explained analytically by the non-equilibrium polaron-transformed Redfield equation. These novel transport properties, arising from the pure quantum effect of noncommutative coupling operators, should generally appear in other non-equilibrium set-ups and driven-systems.
Introduction. With the advance of nano-scale quantum technologies and global efforts on sustainable development, understanding the fundalmental laws of heat transport at the microscopic level has attracted much theoretical and expiremental attention [1] [2] [3] [4] [5] [6] . Treated as a minimal model for anharmonic molecular junctions, the non-equilibrium spin-boson model (NESB) has been extensively investigated with various theoretical [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] and numerical methods [18] [19] [20] [21] [22] [23] [24] . Many interesting propeties of heat transfer have been found, including a turnover of the heat current on a function of system-bath coupling strength [14, 18] .
Symmetry lies in the center in physical science and plays a crucial role in heat transport problems [25] [26] [27] [28] [29] . In the NESB, the asymmetry of the system-bath coupling strength leads to thermal rectifcation [30, 31] . For a two-bath spin-boson model at zero temperature, an additional competition arises due to the non-commutative (asymmetric) system-bath coupling operators, and the effect of "frustration of decoherence" emerges [32] [33] [34] [35] [36] . Despite the huge effort on studying their equilibrium state, little attention has been paid to investigate heat transport under the influence of non-commutative coupling operators. In a recent paper [22] , Kato and Tanimura found the "correlation among system-bath interaction" effect on the heat current. Since they mainly focused on the definition of heat current from the bath prespective, the unusual transport phenomena arising from non-commutative coupling operators have not been explored.
In this paper, we thoroughly investigate the influence of non-commutative coupling operators on heat transport in the NESB using a numerically accurate method, ex- * Electronic address: jianshu@mit.edu tended hierarchy equation of motion (HEOM) [37] [38] [39] [40] . In the weak coupling regime, a smooth transition in the scaling of the steady state heat current from I ∼ α to I ∼ α 2 is found as we rotate the system-bath coupling operators. For a generalized NESB with non-commutative coupling operators (nc-NESB), a plateau for heat current occurs as ∆/ω c → 0, while the heat current drops to zero when ∆/ω c → 0 in the conventional NESB (c-NESB). These observations can be quantitatively explained by the non-equilibrium polaron-transformed Redfield equation (NE-PTRE) [14] [15] [16] [17] . The steady-state heat current of nc-NESB is significantly enhanced compared to the c-NESB by simply rotating the coupling operators between the system and bath. In addition, two sources of asymmetry, namely, asymmetric coupling strength and non-commutative coupling operators, can contribute constructively to thermal rectification, giving rise to a larger rectification ratio than cases with only one source of asymmetry.
Model and methods. The Hamiltonian for a generalized NESB is
Here σ i (i = x, y, z) denotes the Pauli matrices, ∆ is the half enengy gap of the two-level system, and b † ν,j (b ν,j ) is the creation (annihilation) operator of the j-th harmonic oscillator in the ν-th bosonic bath. We consider the effect of non-commutative coupling by introducing a parameter θ for the coupling operator between the system and the second bath, i.e. σ θ = σ z cos θ + σ x sin θ, so that it can point at any direction on the x − z plane of a Bloch sphere. Due to the rotational symmetry of the model, we can restrict our study to 0 ≤ θ ≤ π/2 without loss of generality. Note that our Hamiltonian reduces to the c-NESB at θ = π/2, othewise it represents a nc-NESB.
The dissipative effect on the system can be characterized by a spectral density
f (ω/ω c ), which is defined by the dimensionless system-bath coupling strength α ν , the cutoff function of the environment f (ω/ω c ), and the spectral exponent s that catagorizes bath into sub-Ohmic (s < 1), Ohmic (s = 1) and super-Ohmic (s > 1). Throughout this paper, we choose a super-Ohmic sepctral exponent s = 3 and a rational cutoff function f (ω/ω c ) = 1/(1 + (ω/ω c )
2 ) 4 for both high and low temperature baths and assume α 1 = α 2 = α unless specified. The atomic unit = k B = 1 is used and the bath cutoff frequency is treated as an energy unit (ω c = 1). Further, the bath correlation function, C ν (t) = 1/π ∞ 0 J ν (ω) coth βν ω 2 cos ωt − i sin ωt dω, with the inverse temperature β ν = 1/T ν , uniquely determines the bath properties and their influence on the system. Due to its numerical accuracy in propagating the dynamics and its camptibility for heat current calculation, the HEOM has become a popular numerical methods for simulating heat transport problems [21] [22] [23] [24] 37] . In this paper we adopt the extended HEOM which can be applied to more general bosonic baths than the Debye-Lorentz form [39] [40] [41] [42] . In the extended HEOM, bath correlation functions and their time derivatives are decompsed by some finite basis sets {φ
Here, X = R or I denotes the real (imaginary) part of the bath correlation function, C ν (t). Based on those closed funtion sets {φ X ν,j (t)}, auxiliary fields σ(t) can be constructed and their evolutions are expressed in a time-local form [38, 43] ,
Combined with the full counting statistics [44] , we can express the heat current from a bath perspective with our first-order auxiliary fields [22, 23, 43] as
where the steady state heat current is obtained as t → +∞. Unlike some methods which are restricted by the system-bath coupling operators, Eq. (3) can be directly applied to calculate the steady-state heat current (I) for a nc-NESB.
Scaling relation of heat current. Figure 1 (a) demonstrates the relationship between the steady state heat current and the coupling strength for different nc-NESB configurations (θ). In the weak coupling regime, the heat current of c-NESB (θ = 0.5π) is proportional to the coupling strength, I ∼ α, which agrees with the Redfield equation. While for a nc-NESB, this scaling behavior is altered. At the extreme case when the two coupling operator are orthogonal (θ = 0), we observe I ∼ α 2 . For 0 < θ < 0.5π, there is a smooth transition from I ∼ α 2 to I ∼ α [43] . This continuous transition is implied by the heat current expression in the Heisenberg picture [22] ,
where . . . is the trace of the steady state total density matrice over all degrees of freedom andB ν denotes the bath operator in the Heisenberg picture. In the weak coupling limit, the first term in Eq. (4) gives linear dependece of I on α but vanishes at θ = 0, where the second term predicts I ∼ α 1 α 2 ∼ α 2 . As shown in Fig. 1 (a) , despite the difference in the scaling relation at small α when varying θ, the heat currents all show a turnover behavior, which indicates the system-bath inseparatability for strong system-bath interaction [45] . Nevertheless, significant enhancement in the heat current can still be observed for nc-NESB (θ = 0.5π) compared to that of c-NESB (θ = 0.5π) except for a very weak interaction strength.
For different NESB configurations, the ∆ dependence on the heat current I is depicted in Fig. 1 (b) . For the c-NESB, I drops to zero as ∆ → 0. For a nc-NESB, a plateau for the heat current appears when ∆ approaches zero. This phenomena can also be explained by Eq. (4) in which the first term depends explicitly on ∆ while the second term does not, thus a non-zero heat current can still arise at ∆ = 0 for a nc-NESB. Physically, at ∆ = 0 the total Hamiltonian can simply be diagonalized for θ = 0.5π by a full polaron transfomation, where the orthogonality catastrophe prevents any channels for heat transfer [46] . However, this orthogonality catastrophe does not occur when θ = 0.5π, and those non-diagonal parts give rise to a non-zero heat current. Note that the Redfield equation cannot capture the second term in Eq. (4), which is due to high order systembath interaction. Therefore, it requires other methods to evaluate higher order interaction. So we introduce the non-equilibrium polaron-transformed Redfield equation (NE-PTRE) below [14] [15] [16] .
To develop a clear physical picture, we consider a specific configuration, θ = 0, i. e., the two system-bath coupling operators are orthogonal, so that the first term in Eq. (4) vanishes. With a full polaron transformation of the second bath and the introduction of the counting field χ on the first bath, we obtain the transformed Hamiltonian H as [43] ,
where
. Following the standard procedure of the NE-PTRE [14] [15] [16] and a perturbation expansion on α, the heat current can be obtained as [43] , On one hand, both C X 1 (t) and Q X 2 (t) are linearly dependent on the coupling strength α, giving I ∼ α 2 . On the other hand, Eq. (6) clearly predicts a non-vanishing heat current
In the adiabatic limit of ∆ 1, we have I(∆ 1) − I(∆ = 0) ∼ ∆ 2 , which explains the plateau. As shown in Fig. 1 , results obatined by Eq. (6) are in excellent agreement with those of the extended HEOM. Interestingly, our heat current expression (Eq. (6)) is not limited to small ∆ 1, as it does not involve perturbative expansion of ∆, which was an issue of the NE-PTRE but recently improved [17] . However, since only the second bath is displaced in our polaron transformation, the NE-PTRE cannot be applied to the entire regime of coupling strength.
Optimization of heat current. Optimal thermal properties are always of great interest to the performance of molecular junctions, quantum heat engines and heat pumps [1]. In our model, heat current can be optimized with respect to θ, given that other parameters, α, ∆, T 1 and T 2 are fixed. Figure 2 demonstrates the heat current as we rotate the second coupling operator from σ z to σ x direction at a fixed energy gap ∆ = 0.1. Various behaviors are obsersed. At a very weak coupling strength of α = 0.01, the heat current grows monotonously as θ increases from 0 to 0.5π [22] . On the contrary, for α = 1, the heat current decreases monotonically with increasing θ. Non-monotounous θ depedence emerges for α = 0.02 and α = 4, where the heat current is maximal at an intermediate configuration, i.e. 0 < θ opt < π/2. To develop a better understanding, we further study the relationship between the interaction strength and the optimal angle θ opt at which the heat current reaches its maximum value I opt . Results are shown in Fig. 3 (a) . For a finite ∆, four distict regimes can be identified over the range of the coupling strength under investigation. (I) For a very weak system-bath coupling, the c-NESB (θ = 0.5π) gives the maximal heat current as the linear term in Eq. (4) is dominant in comparison with the sec- ond order term. (II) A transition of the optimal angle from θ opt = 0.5π to θ opt = 0 follows with the increasing interaction strength, because of the non-negligible contribution from the second order term in Eq. (4). (III) The effect of second order heat current is prominant within a certain range of α where the optimal angle stays at θ opt = 0. (IV) Contribution of even higher order transport processes gradually intervene and eventually become dominant at very strong coupling strength, so that 0 < θ opt < 0.5π can be observed. These four regimes are also indicated in Fig. 3 (b) , which depicts the relationship between α and I opt : I opt ∼ α at the very weak interation (I) followed by a transition (II) to I opt ∼ α 2 (III) at the intermediate coupling strength. As the systembath interaction keeps increasing, I opt deviates from the α 2 dependence and a turnover appears (IV). Although this turnover behavior is inevitable due to the inseperatibilty between system and bath, the maximum heat current, I max = max{I opt (α)}, can be greatly enhanced when considering a nc-NESB (see Fig. 1 (a) ). It is also interesting to note that I opt and θ opt is insensitive to the value of ∆ except for very weak interaction strength (I), which is in sharp constrast to the case of c-NESB [8] . This indicates a rather robust global heat current optimization I max for {α, ∆, θ} once the bath temperatures are given, which might find practical utility in molecular junction engineering.
As ∆ decreases, the transition between regime I and regime II occurs earlier and sharper (Fig. 3 (b) ). This transition finally disappears and there are only regime III and regime IV left for a system with zero energy gap, which can be explained by Eq. (4). At ∆ = 0, the contribution of the first term vanishes and only the second term survives, which is most pronounced when the two coupling operators conmmute with each other, i.e. θ = 0. It can be expected that more diverse heat current behaviors will occur if we do not constrain the second bath operator lying in the x − z plane of the Bloch sphere and allow the rotation of both coupling operators.
Thermal rectification. Thermal rectification, which arises from the asymmetry in the total Hamlitonian, offers rich possibilities to manipulate heat flow in nanosystems [30, 31] . In the c-NESB, the thermal rectification is usually realized by the asymmetry in coupling strength [9, 30] . Here we introduce an novel source of asymmetry, non-commutative coupling operators between the system and two baths. Figure 4 demonstrates the thermal rectification ratio for the c-NESB (θ = 0.5π) and a nc-NESB with θ = 0.125π. A non-vanishing rectification occurs for the nc-NESB even at α 1 = α 2 , which is a pure quantum effect due to the asymmetry in coupling operators. More interestingly, the rectification ratio at θ = 0.125π is significantly larger than that of the c-NESB for the entire parameter space. This implies that two sources of asymmetry, coupling strength and coupling operators, can work constructively to achieve optimal rectification.
Summary. In this paper, we study heat transport properties of a generalized NESB with non-commutative system-bath coupling operators and find unique transport properties different from those of the conventional NESB. Scaling behaviors of the heat current with respect to the interaction strength and the system energy gap are conspicuously altered when the two coupling operators do not commute, giving I ∼ α 2 in the weak coupling limit and I(∆ → 0 + ) = 0 in the adiabatic limit, in sharp contrast to that I ∼ α and I(∆ → 0 + ) → 0 for the conventional NESB. These scaling relations can be explained analytically by the NE-PTRE. Optimization for the heat current is performed using the extended HEOM, and four different regimes are distinguished. Given the termperature of two baths, a robust global optimal heat current can be obtained, independent to the system energy gap. The heat current can be significantly enhanced with proper manipulation of the system-bath coupling operators. Asymmetry originated from the asymmetrical coupling strength and non-commutative coupling operators can contribute constructively to thermal rectification, resulting in an enhanced rectification ratio. The enhancement of heat current and thermal rectification due to non-commutative coupling offer new and potentially advanced techniques for heat flow control. We emphasize that these unusual transport properties reported in this paper are soley caused by the quantum effect of commutation and can also be found in other nanoscale systems, including quantum heat engines and periodically driven systems [45, 47] . [2] K. Ono, D.G. Austing, Y. Tokura, and S. Tarucha, Sci-
